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Figure 1.7 Schema of a real-time application

the real-time operating system (Figure 1.7). Nevertheless, conventional operating sys-
tem services are needed by real-time applications that have additional requirements
such as, for example, management of large data sets, storing and implementing pro-
grams on the computer also used for process control or management of local network
interconnection. Thus, some of these conventional operating systems have been reengi-
neered in order to provide a reentrant and interruptible kernel and to lighten the task
structure and communication. This has led to real-time Unix implementations. The
market seems to be showing a trend towards real-time systems proposing a Posix
standard interface (Portable Operating System Interface for Computer Environments;
international standardization for Unix-like systems).

1.2 Basic Concepts for Real-Time Task
Scheduling

1.2.1 Task description

Real-time task model

Real-time tasks are the basic executable entities that are scheduled; they may be peri-
odic or aperiodic, and have soft or hard real-time constraints. A task model has been



1.2 BASIC CONCEPTS FOR REAL-TIME TASK SCHEDULING 9

defined with the main timing parameters. A task is defined by chronological parameters
denoting delays and by chronometric parameters denoting times. The model includes
primary and dynamic parameters. Primary parameters are (Figure 1.8):

• r , task release time, i.e. the triggering time of the task execution request.

• C, task worst-case computation time, when the processor is fully allocated to it.

• D, task relative deadline, i.e. the maximum acceptable delay for its processing.

• T , task period (valid only for periodic tasks).

• when the task has hard real-time constraints, the relative deadline allows compu-
tation of the absolute deadline d = r + D. Transgression of the absolute deadline
causes a timing fault.

The parameter T is absent for an aperiodic task. A periodic task is modelled by the
four previous parameters. Each time a task is ready, it releases a periodic request. The
successive release times (also called request times, arrival times or ready times) are
request release times at rk = r0 + kT , where r0 is the first release and rk the k + 1th
release; the successive absolute deadlines are dk = rk + D. If D = T , the periodic task
has a relative deadline equal to period. A task is well formed if 0 < C ≤ D ≤ T .

The quality of scheduling depends on the exactness of these parameters, so their
determination is an important aspect of real-time design. If the durations of operations
like task switching, operating system calls, interrupt processing and scheduler execution
cannot be neglected, the design analysis must estimate these durations and add them

t

r0: release time of the1st request of task
C: worst-case computation time
D: relative deadline
T: period
rk: release time of k+1th request of task
     rk = r0 + kT  is represented by
dk: absolute deadline of k+1th request of task 
     dk = rk + D is represented by

r2

Timing diagram

Note: for periodic task with D = T (deadline equal to period)
deadline at next release time is represented by    
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Figure 1.8 Task model
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to the task computation times. That is why a deterministic behaviour is required for
the kernel, which should guarantee maximum values for these operations.

Other parameters are derived:

• u = C/T is the processor utilization factor of the task; we must have u ≤ 1.

• ch = C/D is the processor load factor; we must have ch ≤ 1.

The following dynamic parameters help to follow the task execution:

• s is the start time of task execution.

• e is the finish time of task execution.

• D(t) = d − t is the residual relative deadline at time t : 0 ≤ D(t) ≤ D.

• C(t) is the pending execution time at time t : 0 ≤ C(t) ≤ C.

• L = D − C is the nominal laxity of the task (it is also called slack time)and it
denotes the maximum lag for its start time s when it has sole use of the processor.

• L(t) = D(t) − C(t) is the residual nominal laxity of the task at time t and it
denotes the maximum lag for resuming its execution when it has sole use of the
processor; we also have L(t) = D + r − t − C(t).

• TR = e − r is the task response time; we have C ≤ TR ≤ D when there is no
time fault.

• CH (t) = C(t)/D(t) is the residual load; 0 ≤ CH (t) ≤ C/T (by definition, if e =
d , CH (e) = 0).

Figure 1.9 shows the evolution of L(t) and D(t) according to time.
Periodic tasks are triggered at successive request release times and return to the pas-

sive state once the request is completed. Aperiodic tasks may have the same behaviour
if they are triggered more than once; sometimes they are created at release time.

Once created, a task evolves between two states: passive and triggered. Processor
and resource sharing introduces several task states (Figure 1.10):

• elected: a processor is allocated to the task; C(t) and D(t) decrease, L(t) does
not decrease.

• blocked: the task waits for a resource, a message or a synchronization signal; L(t)

and D(t) decrease.

• ready: the task waits for election: in this case, L(t) and D(t) decrease.

• passive: the task has no current request.

• non-existing: the task is not created.

Other task characteristics

In addition to timing parameters of the task model, tasks are described by other features.
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Figure 1.9 Dynamic parameter evolution
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Figure 1.10 Task states

Preemptive or non-preemptive task Some tasks, once elected, should not be stopped
before the end of their execution; they are called non-preemptive tasks. For example, a
non-preemptive task is necessary to handle direct memory access (DMA) input–output
or to run in interrupt mode. Non-preemptive tasks are often called immediate tasks.
On the contrary, when an elected task may be stopped and reset to the ready state in
order to allocate the processor to another task, it is called a preemptive task.
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Dependency of tasks Tasks may interact according to a partial order that is fixed or
caused by a message transmission or by explicit synchronization. This creates prece-
dence relationships among tasks. Precedence relationships are known before execution,
i.e. they are static, and can be represented by a static precedence graph (Figure 1.11).
Tasks may share other resources than the processor and some resources may be exclu-
sive or critical, i.e. they must be used in mutual exclusion. The sequence of instructions
that a task has to execute in mutual exclusion is called a critical section. Thus, only
one task is allowed to run its critical section for a given resource (Figure 1.12).
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Figure 1.11 A precedence graph with five tasks

Acquisition Command

Computation Visualization

Real-time database

Exclusive access

Exclusive access

Resource access

Figure 1.12 Example of a critical resource shared by four tasks
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Resource sharing induces a dynamic relationship when the resource use order
depends on the task election order. The relationships can be represented by an alloca-
tion graph. When the tasks have static and dynamic dependencies which may serialize
them, the notion of global response time, or end-to-end delay, is used. This is the time
elapsed between the release time of the task reactive to the process stimulus and the
finish time of the last task that commands the actuators in answer to the stimulus.
Tasks are independent when they have no precedence relationships and do not share
critical resources.

Maximum jitter Sometimes, periodic requests must have regular start times or res-
ponse times. This is the case of periodic data sampling, a proportional integral deriva-
tive (PID) control loop or continuous emission of audio and video streams. The
difference between the start times of two consecutive requests, si and si+1, is the start
time jitter. A maximum jitter, or absolute jitter, is defined as |si+1−(si + T )| ≤ Gmax .
The maximum response time jitter is similarly defined.

Urgency The task deadline allows the specification of the urgency of data provided
by this task. Two tasks with equal urgency are given the same deadline.

Importance (criticality) When some tasks of a set are able to overcome timing faults
and avoid their propagation, the control system may suppress the execution of some
tasks. The latter must be aware of which tasks to suppress first or, on the other hand,
which tasks are essential for the application and should not be suppressed. An impor-
tance parameter is introduced to specify the criticality of a task. Two tasks with equal
urgency (thus having the same deadline) can be distinguished by different impor-
tance values.

External priority The designer may fix a constant priority, called external priority.
In this simplified form, all scheduling decisions are taken by an off-line scheduler or
by a priori rules (for example, the clock management task or the backup task in the
event of power failure must run immediately).

1.2.2 Scheduling: definitions, algorithms and properties

In a real-time system, tasks have timing constraints and their execution is bounded
to a maximum delay that has to be respected imperatively as often as possible. The
objective of scheduling is to allow tasks to fulfil these timing constraints when the
application runs in a nominal mode. A schedule must be predictable, i.e. it must be
a priori proven that all the timing constraints are met in a nominal mode. When
malfunctions occur in the controlled process, some alarm tasks may be triggered or
some execution times may increase, overloading the application and giving rise to
timing faults. In an overload situation, the objective of scheduling is to allow some
tolerance, i.e. to allow the execution of the tasks that keep the process safe, although
at a minimal level of service.

Task sets

A real-time application is specified by means of a set of tasks.
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Progressive or simultaneous triggering Application tasks are simultaneously triggered
when they have the same first release time, otherwise they are progressively triggered.
Tasks simultaneously triggered are also called in phase tasks.

Processor utilization factor The processor utilization factor of a set of n periodic
tasks is:

U =
n∑

i=1

Ci

Ti

(1.1)

Processor load factor The processor load factor of a set of n periodic tasks is:

CH =
n∑

i=1

Ci

Di

(1.2)

Processor laxity Because of deadlines, neither the utilization factor nor the load
factor is sufficient to evaluate an overload effect on timing constraints. We introduce
LP(t), the processor laxity at t , as the maximal time the processor may remain idle
after t without causing a task to miss its deadline. LP(t) varies as a function of t .
For all t , we must have LP(t) ≥ 0. To compute the laxity, the assignment sequence of
tasks to the processor must be known, and then the conditional laxity LC i(t) of each
task i must be computed:

LC i(t) = Di −
∑

Cj (t) (1.3)

where the sum in j computes the pending execution time of all the tasks (including
task i) that are triggered at t and that precede task i in the assignment sequence. The
laxity LP(t) is the smallest value of conditional laxity LC i(t).

Processor idle time The set of time intervals where the processor laxity is strictly
positive, i.e. the set of spare intervals, is named the processor idle time. It is a function
of the set of tasks and of their schedule.

Task scheduling definitions

Scheduling a task set consists of planning the execution of task requests in order to
meet the timing constraints:

• of all tasks when the system runs in the nominal mode;

• of at least the most important tasks (i.e. the tasks that are necessary to keep the
controlled process secure), in an abnormal mode.

An abnormal mode may be caused by hardware faults or other unexpected events. In
some applications, additional performance criteria are sought, such as minimizing the
response time, reducing the jitter, balancing the processor load among several sites,
limiting the communication cost, or minimizing the number of late tasks and messages
or their cumulative lag.

The scheduling algorithm assigns tasks to the processor and provides an ordered list
of tasks, called the planning sequence or the schedule.
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Scheduling algorithms taxonomy

On-line or off-line scheduling Off-line scheduling builds a complete planning se-
quence with all task set parameters. The schedule is known before task execution
and can be implemented efficiently. However, this static approach is very rigid; it
assumes that all parameters, including release times, are fixed and it cannot adapt to
environmental changes.

On-line scheduling allows choosing at any time the next task to be elected and it has
knowledge of the parameters of the currently triggered tasks. When a new event occurs
the elected task may be changed without necessarily knowing in advance the time of
this event occurrence. This dynamic approach provides less precise statements than the
static one since it uses less information, and it has higher implementation overhead.
However, it manages the unpredictable arrival of tasks and allows progressive creation
of the planning sequence. Thus, on-line scheduling is used to cope with aperiodic tasks
and abnormal overloading.

Preemptive or non-preemptive scheduling In preemptive scheduling, an elected task
may be preempted and the processor allocated to a more urgent task or one with
higher priority; the preempted task is moved to the ready state, awaiting later election
on some processor. Preemptive scheduling is usable only with preemptive tasks. Non-
preemptive schedulingdoes not stop task execution. One of the drawbacks of non-
preemptive scheduling is that it may result in timing faults that a preemptive algorithm
can easily avoid. In uniprocessor architecture, critical resource sharing is easier with
non-preemptive scheduling since it does not require any concurrent access mechanism
for mutual exclusion and task queuing. However, this simplification is not valid in
multiprocessor architecture.

Best effort and timing fault intolerance With soft timing constraints, the scheduling
uses a best effort strategy and tries to do its best with the available processors. The
application may tolerate timing faults. With hard time constraints, the deadlines must
be guaranteed and timing faults are not tolerated.

Centralized or distributed scheduling Scheduling is centralized when it is imple-
mented on a centralized architecture or on a privileged site that records the parameters
of all the tasks of a distributed architecture. Scheduling is distributed when each site
defines a local scheduling after possibly some cooperation between sites leading to a
global scheduling strategy. In this context some tasks may be assigned to a site and
migrate later.

Scheduling properties

Feasible schedule A scheduling algorithm results in a schedule for a task set. This
schedule is feasible if all the tasks meet their timing constraints.

Schedulable task set A task set is schedulable when a scheduling algorithm is able
to provide a feasible schedule.

Optimal scheduling algorithm An algorithm is optimal if it is able to produce a
feasible schedule for any schedulable task set.
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Schedulability test A schedulability test allows checking of whether a periodic task
set that is submitted to a given scheduling algorithm might result in a feasible schedule.

Acceptance test On-line scheduling creates and modifies the schedule dynamically
as new task requests are triggered or when a deadline is missed. A new request may
be accepted if there exists at least a schedule which allows all previously accepted task
requests as well as this new candidate to meet their deadlines. The required condition
is called an acceptance test. This is often called a guarantee routine since if the tasks
respect their worst-case computation time (to which may be added the time waiting for
critical resources), the absence of timing faults is guaranteed. In distributed scheduling,
the rejection of a request by a site after a negative acceptance test may lead the task
to migrate.

Scheduling period (or major cycle or hyper period) The validation of a periodic and
aperiodic task set leads to the timing analysis of the execution of this task set. When
periodic tasks last indefinitely, the analysis must go through infinity. In fact, the task
set behaviour is periodic and it is sufficient to analyse only a validation period or
pseudo-period, called the scheduling period, the schedule length or the hyper period
(Grolleau and Choquet-Geniet, 2000; Leung and Merrill, 1980). The scheduling period
of a task set starts at the earliest release time, i.e. at time t = Min{ri,0}, considering
all tasks of the set. It ends at a time which is a function of the least common multiple
(LCM) of periods (Ti), the first release times of periodic tasks and the deadlines of
aperiodic tasks:

Max{ri,0, (rj,0 + Dj)} + 2 · LCM(Ti) (1.4)

where i varies in the set of periodic task indexes, and j in the set of aperiodic
task indexes.

Implementation of schedulers

Scheduling implementation relies on conventional data structures.

Election table When the schedule is fixed before application start, as in static off-line
scheduling, this definitive schedule may be stored in a table and used by the scheduler
to decide which task to elect next.

Priority queuing list On-line scheduling creates dynamically a planning sequence,
the first element of which is the elected task (in a n-processor architecture, the n first
elements are concerned). This sequence is an ordered list; the ordering relationship is
represented by keys; searching and suppression point out the minimal key element;
a new element is inserted in the list according to its key ordering. This structure is
usually called a heap sorted list or a priority ordered list (Weiss, 1994).

Constant or varying priority The element key, called priority when elements are tasks,
is a timing parameter or a mix of parameters of the task model. It remains constant
when the parameter is not variable, such as computation time, relative deadline, period
or external priority. It is variable when the parameter changes during task execution,
such as pending computation time, residual laxity, or when it is modified from one
request to another, such as the release time or absolute deadline. The priority value or
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sorting key may be the value of the parameter used or, if the range of values is too
large, a one-to-one function from this parameter to a subset of integers. This subset is
usually called the priority set. The size of this priority set may be fixed a priori by
hardware architecture or by the operating system kernel. Coding the priority with a
fixed bit-size and using special machine instruction allows the priority list management
to be made faster.

Two-level scheduling When scheduling gets complex, it is split into two parts. One
elaborates policy (high-level or long-term decisions, facing overload with task sup-
pression, giving preference to some tasks for a while in hierarchical scheduling). The
other executes the low-level mechanisms (election of a task in the subset prepared by
the high-level scheduler, short-term choices which reorder this subset). A particular
case is distributed scheduling, which separates the local scheduling that copes with
the tasks allocated to a site and the global scheduling that assigns tasks to sites and
migrates them. The order between local and global is another choice whose cost must
be appraised: should tasks be settled a priori in a site and then migrate if the site
becomes overloaded, or should all sites be interrogated about their reception capacity
before allocating a triggered task?

1.2.3 Scheduling in classical operating systems

Scheduling objectives in a classical operating system

In a multitasking system, scheduling has two main functions:

• maximizing processor usage, i.e. the ratio between active time and idle time. The-
oretically, this ratio may vary from 0% to 100%; in practice, the observed rate
varies between 40% and 95%.

• minimizing response time of tasks, i.e. the time between task submission time and
the end of execution. At best, response time may be equal to execution time, when
a task is elected immediately and executed without preemption.

The success of both functions may be directly appraised by computing the processing
ratio and the mean response time, but other evaluation criteria are also used. Some of
them are given below:

• evaluating the task waiting time, i.e. the time spent in the ready state;

• evaluating the processor throughput, i.e. the average number of completed tasks
during a time interval;

• computing the total execution time of a given set of tasks;

• computing the average response time of a given set of tasks.

Main policies

The scheduling policy decides which ready task is elected. Let us describe below some
of the principal policies frequently used in classical operating systems.
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First-come-first-served scheduling policy This policy serves the oldest request, without
preemption; the processor allocation order is the task arrival order. Tasks with short com-
putation time may be penalized when a task with a long computation time precedes them.

Shortest first scheduling policy This policy aims to correct the drawback mentioned
above. The processor is allocated to the shortest computation time task, without pre-
emption. This algorithm is the non-preemptive scheduling algorithm that minimizes
the mean response time. It penalizes long computation tasks. It requires estimating
the computation time of a task, which is usually unknown. A preemptive version of
this policy is called ‘pending computation time first’: the elected task gives back the
processor when a task with a shorter pending time becomes ready.

Round-robin scheduling policy A time slice, which may be fixed, for example bet-
ween 10 ms and 100 ms, is given as a quantum of processor allocation. The processor
is allocated in turn to each ready task for a period no longer than the quantum. If
the task ends its computation before the end of the quantum, it releases the processor
and the next ready task is elected. If the task has not completed its computation
before the quantum end, it is preempted and it becomes the last of the ready task
set (Figure 1.13). A round-robin policy is commonly used in time-sharing systems. Its
performance heavily relies on the quantum size. A large quantum increases response
times, while too small a quantum increases task commutations and then their cost may
no longer be neglected.

Constant priority scheduling policy A constant priority value is assigned to each task
and at any time the elected task is always the highest priority ready task (Figure 1.14).
This algorithm can be used with or without preemption. The drawback of this policy is
that low-priority tasks may starve forever. A solution is to ‘age’ the priority of waiting
ready tasks, i.e. to increase the priority as a function of waiting time. Thus the task
priority becomes variable.

Ready tasks
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Quantum = 4

C1 = 20
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τ1

τ1
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C3 = 3
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Figure 1.13 Example of Round-Robin scheduling
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Figure 1.14 Example of priority scheduling (the lower the priority index, the higher is the
task priority)

Multilevel priority scheduling policy In the policies above, ready tasks share a single
waiting list. We choose now to define several ready task lists, each corresponding to
a priority level; this may lead to n different priority lists varying from 0 to n − 1.
In a given list, all tasks have the same priority and are first-come-first-served without
preemption or in a round-robin fashion. The quantum value may be different from one
priority list to another. The scheduler serves first all the tasks in list 0, then all the
tasks in list 1 as long as list 0 remains empty, and so on. Two variants allow different
evolution of the task priorities:

• Task priorities remain constant all the time. At the end of the quantum, a task that
is still ready is reentered in the waiting list corresponding to its priority value.

• Task priorities evolve dynamically according to the service time given to the task.
Thus a task elected from list x, and which is still ready at the end of its quantum,
will not reenter list x, but list x + 1 of lower priority, and so on. This policy tries
to minimize starvation risks for low-priority tasks by progressively lowering the
priority of high-priority tasks (Figure 1.15).

Note: none of the preceding policies fulfils the two objectives of real-time schedul-
ing, especially because none of them integrates the notion of task urgency, which is
represented by the relative deadline in the model of real-time tasks.

1.2.4 Illustrating real-time scheduling

Let us introduce the problem of real-time scheduling by a tale inspired by La Fontaine,
the famous French fabulist who lived in the 17th century. The problem is to control
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Figure 1.15 Example of multilevel priority scheduling
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Figure 1.16 Execution sequences with two different scheduling algorithms and two different
processors (the Hare and the Tortoise)

a real-time application with two tasks τ1 and τ2. The periodic task τ1 controls the
engine of a mobile vehicle. Its period as well as its relative deadline is 320 seconds.
The sporadic task τ2 has to react to steering commands before a relative deadline of
21 seconds. Two systems are proposed by suppliers.

The Tortoise system has a processor whose speed is 1 Mips, a task switching over-
head of 1 second and an earliest deadline scheduler. The periodic task computation is
270 seconds; the sporadic task requires 15 seconds. The Hare system has the advan-
tage of being very efficient and of withdrawing resource-sharing contention. It has
a processor whose speed is 10 Mips, a task switching overhead of (almost) 0 and a
first-in-first-out non-preemptive scheduler. So, with this processor, the periodic task τ1

computation is 27 seconds; the sporadic task τ2 requires 1.5 seconds.
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An acceptance trial was made by one of our students as follows. Just after the
periodic task starts running, the task is triggered. The Tortoise respects both deadlines
while the Hare generates a timing fault for the steering command (Figure 1.16). The
explanation is a trivial exercise for the reader of this book and is an illustration that
scheduling helps to satisfy timing constraints better than system efficiency.

The first verse of La Fontaine’s tale, named the Hare and the Tortoise, is ‘It is no
use running; it is better to leave on time’ (La Fontaine, Le lièvre et la tortue, Fables
VI, 10, Paris, 17th century).
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2
Scheduling of Independent Tasks

This chapter deals with scheduling algorithms for independent tasks. The first part of
this chapter describes four basic algorithms: rate monotonic, inverse deadline, earliest
deadline first, and least laxity first. These algorithms deal with homogeneous sets
of tasks, where tasks are either periodic or aperiodic. However, real-time applications
often require both types of tasks. In this context, periodic tasks usually have hard timing
constraints and are scheduled with one of the four basic algorithms. Aperiodic tasks
have either soft or hard timing constraints. The second part of this chapter describes
scheduling algorithms for such hybrid task sets.

There are two classes of scheduling algorithms:

• Off-line scheduling algorithms: a scheduling algorithm is used off-line if it is exe-
cuted on the entire task set before actual task activation. The schedule generated
in this way is stored in a table and later executed by a dispatcher. The task set
has to be fixed and known a priori, so that all task activations can be calculated
off-line. The main advantage of this approach is that the run-time overhead is low
and does not depend on the complexity of the scheduling algorithm used to build
the schedule. However, the system is quite inflexible to environmental changes.

• On-line scheduling: a scheduling algorithm is used on-line if scheduling decisions
are taken at run-time every time a new task enters the system or when a running
task terminates. With on-line scheduling algorithms, each task is assigned a pri-
ority, according to one of its temporal parameters. These priorities can be either
fixed priorities, based on fixed parameters and assigned to the tasks before their
activation, or dynamic priorities, based on dynamic parameters that may change
during system evolution. When the task set is fixed, task activations and worst-case
computation times are known a priori, and a schedulability test can be executed
off-line. However, when task activations are not known, an on-line guarantee test
has to be done every time a new task enters the system. The aim of this guarantee
test is to detect possible missed deadlines.

This chapter deals only with on-line scheduling algorithms.

2.1 Basic On-Line Algorithms for Periodic Tasks

Basic on-line algorithms are designed with a simple rule that assigns priorities accord-
ing to temporal parameters of tasks. If the considered parameter is fixed, i.e. request
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rate or deadline, the algorithm is static because the priority is fixed. The priorities are
assigned to tasks before execution and do not change over time. The basic algorithms
with fixed-priority assignment are rate monotonic (Liu and Layland, 1973) and inverse
deadline or deadline monotonic (Leung and Merrill, 1980). On the other hand, if the
scheduling algorithm is based on variable parameters, i.e. absolute task deadlines, it is
said to be dynamic because the priority is variable. The most important algorithms in
this category are earliest deadline first (Liu and Layland, 1973) and least laxity first
(Dhall, 1977; Sorenson, 1974).

The complete study (analysis) of a scheduling algorithm is composed of two parts:

• the optimality of the algorithm in the sense that no other algorithm of the same
class (fixed or variable priority) can schedule a task set that cannot be scheduled
by the studied algorithm.

• the off-line schedulability test associated with this algorithm, allowing a check of
whether a task set is schedulable without building the entire execution sequence
over the scheduling period.

2.1.1 Rate monotonic scheduling

For a set of periodic tasks, assigning the priorities according to the rate monotonic (RM)
algorithm means that tasks with shorter periods (higher request rates) get higher
priorities.

Optimality of the rate monotonic algorithm

As we cannot analyse all the relationships among all the release times of a task set, we
have to identify the worst-case combination of release times in term of schedulability
of the task set. This case occurs when all the tasks are released simultaneously. In fact,
this case corresponds to the critical instant, defined as the time at which the release
of a task will produce the largest response time of this task (Buttazzo, 1997; Liu and
Layland, 1973).

As a consequence, if a task set is schedulable at the critical instant of each one of
its tasks, then the same task set is schedulable with arbitrary arrival times. This fact is
illustrated in Figure 2.1. We consider two periodic tasks with the following parameters
τ1 (r1, 1, 4, 4) and τ2 (0, 10, 14, 14). According to the RM algorithm, task τ1 has high
priority. Task τ2 is regularly delayed by the interference of the successive instances of
the high priority task τ1. The analysis of the response time of task τ2 as a function of
the release time r1 of task τ1 shows that it increases when the release times of tasks
are closer and closer:

• if r1 = 4, the response time of task τ2 is equal to 12;

• if r1 = 2, the response time of task τ2 is equal to 13 (the same response time holds
when r1 = 3 and r1 = 1);

• if r1 = r2 = 0, the response time of task τ2 is equal to 14.
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Figure 2.1 Analysis of the response time of task τ2 (0, 10, 14, 14) as a function of the release
time of task τ1(r1, 1, 4, 4)

In this context, we want to prove the optimality of the RM priority assignment algo-
rithm. We first demonstrate the optimality property for two tasks and then we generalize
this result for an arbitrary set of n tasks.

Let us consider the case of scheduling two tasks τ1 and τ2 with T1 < T2 and their
relative deadlines equal to their periods (D1 = T1, D2 = T2). If the priorities are not
assigned according to the RM algorithm, then the priority of task τ2 may be higher
than that of task τ1. Let us consider the case where task τ2 has a priority higher than
that of τ1. At time T1, task τ1 must be completed. As its priority is the low one, task
τ2 has been completed before. As shown in Figure 2.2, the following inequality must
be satisfied:

C1 + C2 ≤ T1 (2.1)

Now consider that the priorities are assigned according to the RM algorithm. Task
τ1 will receive the high priority and task τ2 the low one. In this situation, we have to
distinguish two cases in order to analyse precisely the interference of these two tasks

t
C1

C2
t

T1

T2

Figure 2.2 Execution sequence with two tasks τ1 and τ2 with the priority of task τ2 higher
than that of task τ1
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t
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Figure 2.3 Execution sequence with two tasks τ1 and τ2 with the priority of task τ1 higher
than that of task τ2 (RM priority assignment)

(Figure 2.3). β = �T2/T1� is the number of periods of task τ1 entirely included in the
period of task τ2. The first case (case 1) corresponds to a computational time of task
τ1 which is short enough for all the instances of task τ1 to complete before the second
request of task τ2. That is:

C1 ≤ T2 − β · T1 (2.2)

In case 1, as shown in Figure 2.3, the maximum of the execution time of task τ2 is
given by:

C2,max = T2 − (β + 1) · C1 (2.3)

That can be rewritten as follows:

C2 + (β + 1) · C1 ≤ T2 (2.4)

The second case (case 2) corresponds to a computational time of task τ1 which is large
enough for the last request of task τ1 not to be completed before the second request
of task τ2. That is:

C1 ≥ T2 − β · T1 (2.5)

In case 2, as shown in Figure 2.3, the maximum of the execution time of task τ2 is
given by:

C2,max = β · (T1 − C1) (2.6)

That can be rewritten as follows:

β · C1 + C2 ≤ β · T1 (2.7)

In order to prove the optimality of the RM priority assignment, we have to show
that the inequality (2.1) implies the inequalities (2.4) or (2.7). So we start with the
assumption that C1 + C2 ≤ T1, demonstrated when the priority assignment is not done
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according to the RM algorithm. By multiplying both sides of (2.1) by β, we have:
β · C1 + β · C2 ≤ β · T1

Given that β = �T2/T1� is greater than 1 or equal to 1, we obtain:

β · C1 + C2 ≤ β · C1 + β · C2 ≤ β · T1

By adding C1 to each member of this inequality, we get (β + 1) · C1 + C2 ≤ β · T1 + C1.
By using the inequality (2.2) previously demonstrated in case 1, we can write (β +

1) · C1 + C2 ≤ T2. This result corresponds to the inequality (2.4), so we have proved
the following implication, which demonstrates the optimality of RM priority assignment
in case 1:

C1 + C2 ≤ T1 ⇒ (β + 1) · C1 + C2 ≤ T2 (2.8)

In the same manner, starting with the inequality (2.1), we multiply by β each member of
this inequality and use the property β ≥ 1. So we get β · C1 + C2 ≤ β · T1. This result
corresponds to the inequality (2.7), so we have proved the following implication, which
demonstrates the optimality of RM priority assignment in case 2:

C1 + C2 ≤ T1 ⇒ β · C1 + C2 ≤ β · T1 (2.9)

In conclusion, we have proved that, for a set of two tasks τ1 and τ2 with T1 < T2 with
relative deadlines equal to periods (D1 = T1, D2 = T2), if the schedule is feasible by
an arbitrary priority assignment, then it is also feasible by applying the RM algorithm.
This result can be extended to a set of n periodic tasks (Buttazzo, 1997; Liu and
Layland, 1973).

Schedulability test of the rate monotonic algorithm

We now study how to calculate the least upper bound Umax of the processor utilization
factor for the RM algorithm. This bound is first determined for two periodic tasks τ1

and τ2 with T1 < T2 and again D1 = T1 and D2 = T2:

Umax = C1

T1
+ C2,max

T2

In case 1, we consider the maximum execution time of task τ2 given by the equality
(2.3). So the processor utilization factor, denoted by Umax,1, is given by:

Umax,1 = 1 − C1

T2
·
[
(β + 1) − T2

T1

]
(2.10)

We can observe that the processor utilization factor is monotonically decreasing in C1

because [(β + 1) − (T2/T1)] > 0. This function of C1 goes from C1 = 0 to the limit
between the two studied cases given by the inequalities (2.2) and (2.5). Figure 2.4
depicts this function.

In case 2, we consider the maximum execution time of task τ2 given by the equality
(2.6). So the processor utilization factor Umax,2 is given by:

Umax,2 = β · T1

T2
+ C1

T2
·
[
T2

T1
− β

]
(2.11)
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Umax,2
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Umax
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Schedulability area

Figure 2.4 Analysis of the processor utilization factor function of C1

We can observe that the processor utilization factor is monotonically increasing in C1

because [T2/T1 − β] > 0. This function of C1 goes from the limit between the two
studied cases given by the inequalities (2.2) and (2.5) to C1 = T1. Figure 2.4 depicts
this function.

The intersection between these two lines corresponds to the minimum value of the
maximum processor utilization factor that occurs for C1 = T2 − β · T1. So we have:

Umax,lim = α2 + β

α + β

where α = T2/T1 − β with the property 0 ≤ α < 1.
Under this limit Umax,lim, we can assert that the task set is schedulable. Unfortunately,

this value depends on the parameters α and β. In order to get a couple 〈α, β〉 independent
bound, we have to find the minimum value of this limit. Minimizing Umax,lim over α,
we have:

dUmax,lim

dα
= (α2 + 2αβ − β)

(α + β)2

We obtain dUmax,lim/dα = 0 for α2 + 2αβ − β = 0, which has an acceptable solution
for α : α = √

β(1 + β) − β

Thus, the least upper bound is given by Umax,lim = 2 · [
√

β(1 + β) − β].
For the minimum value of β = 1, we get:

Umax,lim = 2 · [21/2 − 1] ≈ 0.83

And, for any value of β, we get an upper value of 0.83:

∀β, Umax,lim = 2 · {[β(1 + β)]1/2 − β} ≤ 0.83
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Figure 2.5 Example of a rate monotonic schedule with three periodic tasks: τ1 (0, 3, 20, 20),
τ2 (0, 2, 5, 5) and τ3 (0, 2, 10, 10)

We can generalize this result for an arbitrary set of n periodic tasks, and we get a
sufficient schedulability condition (Buttazzo, 1997; Liu and Layland, 1973).

U =
n∑

i=1

Ci

Ti

≤ n · (21/n − 1) (2.12)

This upper bound converges to ln(2) = 0.69 for high values of n. A simulation study
shows that for random task sets, the processor utilization bound is 88% (Lehoczky
et al., 1989). Figure 2.5 shows an example of an RM schedule on a set of three periodic
tasks for which the relative deadline is equal to the period: τ1 (0, 3, 20, 20), τ2 (0,
2, 5, 5) and τ3 (0, 2, 10, 10). Task τ2 has the highest priority and task τ1 has the
lowest priority. The schedule is given within the major cycle of the task set, which is
the interval [0, 20]. The three tasks meet their deadlines and the processor utilization
factor is 3/20 + 2/5 + 2/10 = 0.75 < 3(21/3 − 1) = 0.779.

Due to priority assignment based on the periods of tasks, the RM algorithm should
be used to schedule tasks with relative deadlines equal to periods. This is the case
where the sufficient condition (2.12) can be used. For tasks with relative deadlines not
equal to periods, the inverse deadline algorithm should be used (see Section 2.1.2).

Another example can be studied with a set of three periodic tasks for which the
relative deadline is equal to the period: τ1 (0, 20, 100, 100), τ2 (0, 40, 150, 150)
and τ3 (0, 100, 350, 350). Task τ1 has the highest priority and task τ3 has the lowest
priority. The major cycle of the task set is LCM(100, 150, 350) = 2100. The processor
utilization factor is:

20/100 + 40/150 + 100/350 = 0.75 < 3(21/3 − 1) = 0.779.

So we can assert that this task set is schedulable; all the three tasks meet their deadlines.
The free time processor is equal to 520 over the major cycle. Although the scheduling
sequence building was not useful, we illustrate this example in the Figure 2.6, but only
over a tiny part of the major cycle.

2.1.2 Inverse deadline (or deadline
monotonic) algorithm

Inverse deadline allows a weakening of the condition which requires equality between
periods and deadlines in static-priority schemes. The inverse deadline algorithm assigns
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Figure 2.6 Example of a rate monotonic schedule with three periodic tasks: τ1 (0, 20, 100,
100), τ2 (0, 40, 150, 150) and τ3 (0, 100, 350, 350)

priorities to tasks according to their deadlines: the task with the shortest relative
deadline is assigned the highest priority. Inverse deadline is optimal in the class
of fixed-priority assignment algorithms in the sense that if any fixed-priority algo-
rithm can schedule a set of tasks with deadlines shorter than periods, than inverse
deadline will also schedule that task set. The computation given in the previous
section can be extended to the case of two tasks with deadlines shorter than peri-
ods, scheduled with inverse deadline. The proof is very similar and is left to the
reader. For an arbitrary set of n tasks with deadlines shorter than periods, a sufficient
condition is:

n∑
i=1

Ci

Di

≤ n(21/n − 1) (2.13)

Figure 2.7 shows an example of an inverse deadline schedule for a set of three peri-
odic tasks: τ1(r0 = 0, C = 3, D = 7, T = 20), τ2(r0 = 0, C = 2, D = 4, T = 5) and
τ3(r0 = 0, C = 2, D = 9, T = 10). Task τ2 has the highest priority and task τ3 the
lowest. Notice that the sufficient condition (2.13) is not satisfied because the processor
load factor is 1.15. However, the task set is schedulable; the schedule is given within
the major cycle of the task set.
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τ3(r0 = 0, C = 2, D = 9, T = 10) 

τ2(r0 = 0, C = 2, D = 4, T = 5) 

τ1(r0 = 0, C = 3, D = 7, T = 20) 
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Figure 2.7 Inverse deadline schedule
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2.1.3 Algorithms with dynamic priority assignment

With dynamic priority assignment algorithms, priorities are assigned to tasks based
on dynamic parameters that may change during task execution. The most important
algorithms in this category are earliest deadline first (Liu and Layland, 1973) and least
laxity first (Dhall, 1977; Sorenson, 1974).

Earliest deadline first algorithm

The earliest deadline first (EDF) algorithm assigns priority to tasks according to their
absolute deadline: the task with the earliest deadline will be executed at the highest
priority. This algorithm is optimal in the sense of feasibility: if there exists a feasible
schedule for a task set, then the EDF algorithm is able to find it.

It is important to notice that a necessary and sufficient schedulability condition
exists for periodic tasks with deadlines equal to periods. A set of periodic tasks with
deadlines equal to periods is schedulable with the EDF algorithm if and only if the
processor utilization factor is less than or equal to 1:

n∑
i=1

Ci

Ti

≤ 1 (2.14)

A hybrid task set is schedulable with the EDF algorithm if (sufficient condition):

n∑
i=1

Ci

Di

≤ 1 (2.15)

A necessary condition is given by formula (2.14). The EDF algorithm does not make
any assumption about the periodicity of the tasks; hence it can be used for scheduling
periodic as well as aperiodic tasks.

Figure 2.8 shows an example of an EDF schedule for a set of three periodic tasks
τ1(r0 = 0, C = 3, D = 7, 20 = T ), τ2(r0 = 0, C = 2, D = 4, T = 5) and τ3(r0 = 0,

C = 1,D = 8, T = 10). At time t = 0, the three tasks are ready to execute and the
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τ1(r0 = 0, C = 3, D = 7, T = 20)
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Figure 2.8 EDF schedule
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task with the smallest absolute deadline is τ2. Then τ2 is executed. At time t = 2,
task τ2 completes. The task with the smallest absolute deadline is now τ1. Then τ1

executes. At time t = 5, task τ1 completes and task τ2 is again ready. However, the
task with the smallest absolute deadline is now τ3, which begins to execute.

Least laxity first algorithm

The least laxity first (LLF) algorithm assigns priority to tasks according to their relative
laxity: the task with the smallest laxity will be executed at the highest priority. This
algorithm is optimal and the schedulability of a set of tasks can be guaranteed using
the EDF schedulability test.

When a task is executed, its relative laxity is constant. However, the relative laxity
of ready tasks decreases. Thus, when the laxity of the tasks is computed only at arrival
times, the LLF schedule is equivalent to the EDF schedule. However if the laxity is
computed at every time t , more context-switching will be necessary.

Figure 2.9 shows an example of an LLF schedule on a set of three periodic tasks
τ1(r0 = 0, C = 3, D = 7, T = 20), τ2(r0 = 0, C = 2, D = 4, T = 5) and τ3(r0 = 0,

C = 1, D = 8, T = 10). Relative laxity of the tasks is only computed at task arrival
times. At time t = 0, the three tasks are ready to execute. Relative laxity values of the
tasks are:

L(τ1) = 7 − 3 = 4; L(τ2) = 4 − 2 = 2; L(τ3) = 8 − 1 = 7
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Case (a): at time t = 5, task τ3 is executed.  

Case (b): at time t = 5, task τ2 is executed.  
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Figure 2.9 Least Laxity First schedules
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Thus the task with the smallest relative laxity is τ2. Then τ2 is executed. At time
t = 5, a new request of task τ2 enters the system. Its relative laxity value is equal to
the relative laxity of task τ3. So, task τ3 or task τ2 is executed (Figure 2.9).

Examples of jitter

Examples of jitters as defined in Chapter 1 can be observed with the schedules of
the basic scheduling algorithms. Examples of release jitter can be observed for task
τ3 with the inverse deadline schedule and for tasks τ2 and τ3 with the EDF sched-
ule. Examples of finishing jitter will be observed for task τ3 with the schedule of
Exercise 2.4, Question 3.

2.2 Hybrid Task Sets Scheduling

The basic scheduling algorithms presented in the previous sections deal with homoge-
neous sets of tasks where all tasks are periodic. However, some real-time applications
may require aperiodic tasks. Hybrid task sets contain both types of tasks. In this con-
text, periodic tasks usually have hard timing constraints and are scheduled with one of
the four basic algorithms. Aperiodic tasks have either soft or hard timing constraints.
The main objective of the system is to guarantee the schedulability of all the periodic
tasks. If the aperiodic tasks have soft time constraints, the system aims to provide
good average response times (best effort algorithms). If the aperiodic tasks have hard
deadlines, the system aim is to maximize the guarantee ratio of these aperiodic tasks.

2.2.1 Scheduling of soft aperiodic tasks

We present the most important algorithms for handling soft aperiodic tasks. The sim-
plest method is background scheduling, but it has quite poor performance. Average
response time of aperiodic tasks can be improved through the use of a server (Sprunt
et al., 1989). Finally, the slack stealing algorithm offers substantial improvements for
aperiodic response time by ‘stealing’ processing time from periodic tasks (Chetto and
Delacroix, 1993, Lehoczky et al., 1992).

Background scheduling

Aperiodic tasks are scheduled in the background when there are no periodic tasks ready
to execute. Aperiodic tasks are queued according to a first-come-first-served strategy.

Figure 2.10 shows an example in which two periodic tasks τ1(r0 = 0, C = 2, T = 5)

and τ2(r0 = 0, C = 2, T = 10) are scheduled with the RM algorithm while three ape-
riodic tasks τ3(r = 4, C = 2), τ4(r = 10, C = 1) and τ5(r = 11, C = 2) are executed
in the background. Idle times of the RM schedule are the intervals [4, 5], [7, 10], [14,
15] and [17, 20]. Thus the aperiodic task τ3 is executed immediately and finishes dur-
ing the following idle time, that is between times t = 7 and t = 8. The aperiodic task


